We investigate the hadronic description of the B 0 d → π + π − decay, with the aim to test the validity of quark-hadron duality, the factorization limit and the magnitude of the strong phases. We discuss the derivation of the dispersion relations in the Lehmann-Symanzik-Zimmermann formalism, the Goldberger-Treiman method to include inelastic effects in the spectral function and the consistency of the dispersion representation with the recent calculations based on generalized QCD factorization.
Introduction
The inclusion of the strong interaction effects in the theory of exclusive nonleptonic B decays is a very difficult task. The problem has been investigated recently by many authors, in particular, for charmless decays into light pseudoscalar mesons, since the strong phases in these amplitudes are crucial for the determination of CP-violating phases in present and future experiments [1] . The first measurements of the branching fractions of the B decays into ππ and πK final states [2] , considerably stimulated the theoretical and phenomenological work devoted to these processes in various approaches.
In the so-called "naive factorization approximation" [3] , the matrix elements of the operators entering the weak effective hamiltonian are expressed as products of meson decay constants and hadronic form factors, which are evaluated in a phenomenological way. A difficulty of this approximation is the renormalization scale dependence of the results, expressed as µ-dependent Wilson coefficients multiplied by µ-independent hadronic form factors. Improvements to the factorization approximation were discussed in several papers [4] - [7] . Recent calculations of the B → ππ decays were performed either in the generalized QCD factorization approach [7] - [9] , or by more conventional hard perturbative QCD methods [10] - [12] . As pointed out in Refs. [13] - [14] , the important issues which need further clarifications concern the best way of dealing with chirally enhanced power corrections, the importance of the Sudakov form factors and the role of the annihilation topologies.
The nonleptonic B decays were also investigated recently in a hadronic approach, based on the unitarity of the S-matrix, dispersion relations and Regge phenomenology [15] - [22] . In the present paper, we apply this approach to the particular case of B 0 d → π + π − decay, using the analogy with the simpler case of the pion electromagnetic form factor. The aim of our study is to compare the predictions of the hadronic and the partonic treatments, and to test the validity of quark-hadron duality, in this particular case.
In the next section, we derive a dispersion relation for the amplitude of B 0 d → π + π − decay, by applying the Lehmann-Symanzik-Zimmermann (LSZ) reduction formalism [23] to the S-matrix element of the process. In Section 3, we first discuss the Goldberger-Treiman procedure to include inelastic contributions in the hadronic unitarity sum, and then check the consistency of the dispersion representation with the predictions of the generalized factorization QCD approach [7]- [9] . Our conclusions are formulated in Section 4.
Dispersion relations in the LSZ formalism
We consider the S-matrix element of the weak decay B 0 d → π + π − , written as
where the transition operator from the "in" to the "out" states includes both the strong and weak interactions. Expanding the S matrix to first order in the weak hamiltonian, one can write Eq. (1) as
where
is the decay amplitude, calculated for p = k 1 + k 2 at physical values of the momenta, p 2 = m 2 B , k 2 1 = m 2 π , k 2 2 = m 2 π . The "in" and "out" states in Eq. (3) are defined only with respect to the strong interactions.
In previous derivations of dispersion relations for the B decays [21] , we applied the LSZ formalism to the expression (3) of the amplitude. It turns out however that a more convenient procedure is to start directly from the S-matrix element (1), and apply first the LSZ reduction to the B meson. After extracting the momentum conservation δ-function, we obtain an alternative expression of the decay amplitude
is the source of the meson B 0 d , which includes both the strong and weak interactions (K x is the Klein Gordon operator and φ B 0 the interpolation field). We recall that in a Lagrangian theory the source can be written as
but its explicit form is actually not necessary in the derivation of the dispersion relations. The expression (4) is very similar to the definition of the pion electromagnetic form factor F (s) in the timelike region, namely
where J µ is the electromagnetic current and s = p 2 . This suggests to apply to the weak decay the standard methods used in deriving the dispersion representations for the pion form factor [24] . More precisely, by the LSZ reduction of one final meson in Eq. (4), we obtain
where η π + (x) is the source of the reduced meson, defined analogously to the B source. An expression similar to Eq. (7) , with η B 0 replaced by J µ , is obtained for the pion form factor. The second integral in Eq. (7) contains the so-called "degenerate terms" produced by the action of the Klein-Gordon operator K x upon the function θ(x 0 ). They consist of equal time commutators which can be calculated in principle by using canonical commutation rules for the interpolation fields [24] . As discussed below, we will include these terms in a subraction constant. Now we consider the first term of Eq. (7), where we include the identity
Then, by inserting a complete set of intermediate states in the commutator, applying the translational invariance and performing the integral upon x, we write the first term in Eq.
It is convenient to write the relation (9) as a dispersion representation in the variable k ′2 1 at fixed p 2 = m 2 B . To this end, we use a reference system with the pion π − at rest, (
One can see that the second sum in the relation (9) does not contribute, since the corresponding matrix elements are unphysical 2 . As for the first sum, it gives a dispersion integral with a discontinuity of the form
In each term of the above sum, the matrix element π − (k 2 )|η π + (0)|n / √ 2k 01 represents the amplitude of the strong transition from the intermediate state |n to the final state π + π − , and n|η B 0 (0)|0 / √ 2p 0 is the amplitude of the weak transition of B 0 d into the same intermediate state, as follows from Eq. (4). The remarkable fact, noticed in Ref. [24] , is that at fixed p 2 the spectral function (10) does not depend on k ′2 1 at all, and is equal to
involving only quantities evaluated on shell. The corresponding dispersion integral in Eq. (9) runs over all values of k ′2 1 compatible with the relation k ′ 1 = p n − k 2 , for p 2 n = m 2 B and k 2 2 = m 2 π . This condition imposes an upper limit k ′2
Since σ 0 is independent of k ′2 1 , the integral requires one subtraction and can be performed explicitly. Including the possible degenerate terms, discussed above, and the subtracted amplitude, into a single constant, we write the dispersion representation obtained from Eq. (7) as
where m 2 0 > (m B − m π ) 2 is the subtraction point. In order to specify the constant A 0 , we resort again to an analogy with the low energy dispersion theory of the pion form factor, where one takes into account the normalization condition at s = 0 in order to write a once subtracted dispersion relation [24] . In the absence of the strong interactions, when the spectral function vanishes, this relation gives F (s) ≡ 1, which is characteristic of a point-like, structureless particle.
In the case of the weak decay we require that in the absence of final state interactions, when σ 0 = 0, the representation (13) reproduces the exact factorization, or "vacuum saturation" limit, i.e., when the two weak currents of the effective hamiltonian are completely decoupled, and the amplitude becomes the product of a meson decay constant and a transition form factor 4 . Writing explicitly the real and the imaginary parts of the logarithm in Eq. (13) we obtain therefore the representation
where A F L is the amplitude in the factorization limit, σ 0 is defined by Eqs. (10)- (11) , and m 2 0 is an arbitrary subtraction point. This representation contains only hadronic quantities, the nonfactorizable terms having a simple expression in terms of on-shell hadronic amplitudes which describe final state interactions. By quark-hadron duality it has to be consistent with the alternative description provided by the partonic picture. In the next section we shall perform a duality test, by checking the numerical consistency of the dispersion representation with the recent results obtained in the approach of QCD factorization [7] - [9] .
Before ending this section, it is useful to notice that, starting from Eq. (9), one can derive also a dispersion representation in the variable s = p 2 for on-shell pions 5 . Using the same reference system with π − at rest, k 10 = (m 2 B − 2m 2 π )/2m π as before, and k ′ 10 = (s ′ −2m 2 π )/2m π , where s ′ is the invariant mass squared of the intermediate state |n , then Eq. (9) can be written as a dispersion integral in terms of s ′ , with the denominator (s ′ − m 2 B − iǫ). The integral extends from the threshold s 0 = 4m 2 π , produced by the two-pion intermediate state, to infinity, having a discontinuity of the form (10), evaluated for an off-shell B of squared momentum equal to s ′ . Dispersion relations in terms of this variable were applied in Refs. [16] - [19] . 4 It is interesting to note that in the alternative derivation of the dispersion relation starting from the expression (3) of the weak amplitude [21] , the factorized amplitude emerged in a rather natural way from the equal-time commutators appearing in the LSZ formalism. 5 As shown in [21] , this derivation is not possible if one uses as a starting point for the LSZ procedure the expression (2) of the weak amplitude.
Goldberger-Treiman procedure and quark-hadron duality
The validity of quark-hadron duality in hadronic B decays is still an open problem. Assuming the dominance of hard rescattering in the heavy quark limit implies that cancellations of the soft contributions in the final state interactions are expected to occur [7] . As a consequence, it was argued that the hadronic treatments based on some subsets of intermediate states (such as two-body states) and Regge phenomenology might overestimate the size of the final state effects, since they cannot incorporate these cancellations [7] . However, as discussed recently [8] - [14] , quite important soft contributions, of the order 1/m b but chirally enhanced, are present in the nonfactorizable and annihilation diagrams involving the spectator quark in the charmless B decays. Therefore, the soft cancellations expected in the heavy quark limit are not yet acting in an impressive way at the physical scale. One may attempt therefore to make a comparison with the hadronic models of final state interactions, where important soft effects are also present. Of course, since the intermediate states responsible for the complex phases in the partonic picture are highly inelastic, such an attempt is reasonable only if one succeeds to incorporate, at least partially, the effects of the inelastic states in the hadronic unitarity sum. In Ref. [22] this line was followed in an approach based on statistical arguments and Regge phenomenology, where the pomeron plays a dominant role at high energies. In the frame of dispersion relations, an attempt to implement this idea was done in Ref. [21] , where we resorted to a procedure proposed a long time ago by Goldberger and Treiman [26] .
To explain the procedure, we first note that the spectral function, defined in Eqs. (10)-(11), has the most general form
where γ is the weak angle of the Cabibbo-Kobayashi-Maskawa (CKM) matrix (γ = Arg(V * ub )), and σ 1 , σ 2 are real quantities. The proof of this reality property [21] (very similar to the case of the form factor [24] ) is based on the fact that one can use either "in" or "out" intermediate states in the unitarity sum (10), each of these sets being complete.
In approximate calculations, the set of intermediate states is truncated, which might lead to violations of the reality condition and to the appearence of artificial strong phases in the spectral functions. However, with a "good" choice of the truncated set one can avoid such unphysical phases. The idea of Goldberger and Treiman [26] was to take the intermediate states in the symmetric combination 1/2|n, in n, in| + 1/2|n, out n, out|, which represents also a complete set. The important point is that, even with a truncation, this set generates spectral functions which satisfy the reality condition, at each step of approximation (for a proof in the case of the weak amplitudes, see Ref. [21] ). The symmetric summation simulates therefore, in a certain measure, the effects of inelastic states, without incorporating them explicitly in the unitarity sum. In the dispersion theory of form factors [24] , this choice was adopted as a generalization of Watson theorem [27] beyond the elastic region.
It is worth mentioning that a complete set written in a symmetric form is quite natural in the LSZ method: indeed, when deriving the discontinuity of a LSZ reduced amplitude, the initial θ(x 0 ) function in Eq. (7) , whose origin is the reduction of an "out" pion, is actually replaced by θ(x 0 )/2 + θ(−x 0 )/2 [24] . This means that the final two-pion state appears in the discontinuity in the symmetric combination 1/2|π + π − , out + 1/2|π + π − , in 6 . It is therefore reasonable to take the same symmetric combination also for the intermediate states |n .
As a last argument, we show below that with the Goldberger-Treiman definition of the discontinuity, the dispersion representation (14) is consistent in the heavy quark limit with the partonic picture [7] . We first notice that in our case the Goldberger-Treiman procedure applied to the spectral function (10) gives
where M (n → π + π − ) denotes the amplitude of the strong transition from the intermediate state n to the final π + π − state, A(B → n) is the weak decay amplitude of B into the intermediate state, andĀ(B → n) is obtained from A(B → n) by changing the sign of the strong phases [21] . In the heavy limit, i.e., at large m B , the strong dynamics is dominated by the pomeron, so that the spectral function becomes
where M 0 (m 2 B ) is the pomeron contribution to the S-wave amplitude of the elastic π + π − → π + π − process, which is known to be imaginary at large m B . It is easy to see that the right-hand side of Eq. (17) vanishes, if we insert there the weak amplitude given by the partonic picture in the heavy-quark limit [7] . Indeed, in this limit the hard gluon and the power suppressed contributions vanish, and hence the strong phases disappear. Taking into account the definition ofĀ given above, it follows that in the heavy limitĀ ≈ A. Then Eq. (17) gives σ 0 ∼ M 0 (m 2 B ) + M * 0 (m 2 B ) = 2Re M 0 (m 2 B ) ≈ 0, since for large m B the quantity M 0 (m 2 B ) is imaginary. For a vanishing spectral function, the right-hand side of Eq. (14) reduces to the factorized amplitude A F L , which means that the predictions of QCD factorization [7] are consistent with the dispersion relation (14) in the heavy-quark limit. As seen from the above argument, the crucial role in obtaining this conclusion is the Goldberger-Treiman symmetric summation in Eq. (17) .
We turn now to the physical scale, where we can perform a more detailed numerical test of quark-hadron duality. Following [7] , we write the amplitude of the decay B 0 d → π + π − as
where f π is the pion decay constant, f + (m 2 π ) the B → π transition form factor and R b = |V ub /(λV cb )|(1 − λ 2 /2) = 0.377 (obtained with λ = |V us | = 0.22, |V cb | = 0.039 and |V ub /V cb | = 0.085). The quantities a p i were calculated at NLO in [7] - [9] . The factorization limit A F L is obtained from (18) taking a u 1 = 1, and the others a p i = 0.
It is convenient to leave aside the overall factor in Eq. (18) and define the amplitude written inside the squared parantheses as
such that in the factorized limit T F L = 1.
Using these notations and the spectral function defined by Eq. (16), the dispersion relation (14) can be written as
whereT = T * u − e −iγ T * c /R b , and the S-wave amplitude of the elastic π + π − scattering in the Regge model has the expression
with the notations k = 1/2 m 2 B − 4m 2 π , L = ln m 2 B − iπ/2. Keeping only the pomeron trajectory, with the standard parameters γ(0) = 25.6, α 0 ≈ 1.08 and α ′ ≈ 0.25, we obtain
The dots in Eq. (20) indicate all the other contributions in the unitarity sum, beside the elastic channel dominated by the pomeron. Neglecting for the moment these contributions (we will comment on this approximation below), Eq. (20) becomes a simple algebraic equation for the amplitude T . In what follows we shall test its consistency with the predictions of QCD factorization [7] - [9] . Namely, we use the numerical values T u = 1.009 + 0.003i , T c = −0.034 − 0.008i [7] (22)
T u = 1.011 + 0.004i , T c = −0.085 − 0.011i [8] 
T u = 0.962 − 0.008i , T c = −0.082 − 0.012i [9] ,
obtained with the renormalization scale µ = m b . We remark that the recent calculations [8] - [9] predict larger values for the modulus of the ratio T c /T u and its strong phase, compared with Ref. [7] . More detailed calculations, including in particular annihilation diagrams, are expected to slightly change the above values (see the plausible range for T c /T u indicated in Ref. [13] ). By inserting the above values in the two sides of Eq. (20), we can easily check their consistency with the dispersion relation. First, we notice that the amplitudes T u and T c given in Eq. (22) fail to satisfy this relation: the two sides of Eq. (20) are quite different, irrespective of the choice of the arbitrary parameter m 0 . However, it was possible to satisfy qualitatively Eq. (20) using the values given by Eqs. (23) and (24) , and also in the range indicated in Ref. [13] . As an illustration, we present in Fig. 1 , the real and the imaginary part of the amplitude T obtained with T u and T c calculated in Ref. [9] , as function of the weak phase γ, together with the real and imaginary part yielded by the dispersion 14), the parameter m 0 affects only the principal value of the dispersion integral, and not its absorbtive part. We notice that with the choice of m 0 indicated above, the dispersive part of the rescattering integral is about 10-20% of the absorbtive one. Similar results are obtained with the amplitudes T u and T c calculated in Refs. [8] and [13] . The dispersion formalism seems to favour larger values for the modulus and/or the phase of the ratio T u /T c , compared to the values given in Ref. [7] .
It is important to check the stability of the above numerical agreement with respect to changes in the partonic and the hadronic calculations. In the hadronic picture, such changes can be produced by the neglected Regge trajectories in the elastic channel, and by other low-mass intermediate states in the unitarity sum. In principle, such states might be important if the corresponding CKM coefficients are large, compensating the smaller Regge factors. According to the estimates in Ref. [21] , for B 0 d → π + π − decay these corrections amount to at most 30-40% of the dominant contribution. As for the effects of the inelastic states, they are simulated in a certain measure by the Goldberger-Treiman procedure, which, as shown above, offers also a consistent picture in the heavy-quark limit.
In the QCD factorization approach, the next improvements concern the evaluation of chirally enhanced terms in the rescattering of the spectator quark and the annihilation diagrams [14] . These corrections are expected to increase the magnitute of the ratio T c /T u and its phase, as suggested by recent calculations using conventional hard perturbative QCD methods [11] - [12] . Larger values of these parameters seem to be required also by the first experimental data on the branching fraction of the B 0 d → π + π − decay [2] , if γ is in its currently favoured range γ ≈ (60 • ± 20 • ). From the above discussion it follows that the dispersion relation points also towards larger values for the modulus and the phase of T c /T u . Therefore, it is reasonable to expect that the improved QCD calculations will confirm the quark-hadron duality.
Conclusions
In the present work we investigated the B 0 d → π + π − decay in a formalism based on hadronic unitarity and dispersion relations. We applied the LSZ reduction technique directly to the S-matrix element of the decay, without treating the weak hamiltonian to first order, which allowed us to use the analogy with the dispersion theory of the pion electromagnetic form factor. We derived a simple dispersion relation in terms of the momentum squared of one final pion, with a constant spectral function involving only on-shell quantities, which reproduces the "vacuum saturation" factorized amplitude when the final state interactions are vanishing. Using the Goldberger-Treiman method to include inelastic effects in the spectral function, we showed that the dispersion representation is qualitatively consistent with the predictions of QCD factorization [7] - [9] , both in the heavy-quark limit and at the physical scale, confirming the validity of quark-hadron duality.
